Abstract. It is well known that there is no basis of the field for real numbers regarded as a vector space over any proper subfield that is closed under multiplication. Mabry has extended this result to bases of arbitrary proper field extensions. The aim of this short communication is to notice that the proof of the result concerning the reals may be adjusted to a larger class of algebras (including full matrix algebras); thereby we subsume Mabry's result.
V of a vector space W over k is the k-dimension of the quotient space W/V . Armed with this terminology, we are ready to present the main result of this note.
Main Theorem. Let k be a field and suppose that A is a k-algebra. Suppose further that A does not have ideals of k-codimension one. Then no basis of A is closed under multiplication.
In the case where A is a proper field extension of k (which implies dim k A 2), A does not have ideals other than {0} and A (algebras with this property are called simple), so in particular it does not have ideals of k-codimension 1. Indeed, if a ∈ A is a non-zero element in A, then for any b ∈ A one has b = ba −1 a, so A itself is the smallest ideal containing a. Consequently, we derive Mabry's result as a corollary and the conclusion of our main result extends to the class of all simple k-algebras. It is well-known that the k-algebras M n (k) consisting of all n × n-matrices over k (n ∈ N) are prototypical examples of simple k-algebras. Another familiar example is the R-algebra of quaternions. On the other hand, the Cartesian products k n (n 1) do have bases closed under multiplication, namely
Semigroup algebras constitute another class of k-algebras having bases closed under multiplication. Indeed, fix a field k and a semigroup (S, ·) (that is, a set with an associative binary operation). Denote by k[S] the vector space over k comprising all functions f : S → k that assume at most finitely many non-zero values. For each s ∈ S define δ s to be the function that takes value 1 on s and 0 otherwise. Then the operation δ s · δ t = δ st (s, t ∈ S) extends uniquely to an associative operation on k[S] that makes it a k-algebra. Clearly {δ s : s ∈ S} is a basis for k[S] that is closed under multiplication.
Proof of the Main Theorem. Let A be a k-algebra with a basis H closed under multiplication. Consider the map f : A → k given by
is the unique basis expansion for x ∈ A. (This map is well-defined as there are at most finitely many non-zero scalars c h in the basis expansion of x.) Then f is a linear functional on A. As H is closed under multiplication, f is multiplicative too, as already observed [1, Problem 7 in Section 14.6] in the case where A is the field of reals regarded as an algebra over the field of rational numbers. Indeed, given two elements x = h∈H c h h and y ∈ g∈H d g g in A, where c h , d g ∈ k, h, g ∈ H (recall that there are at most finitely many non-zero scalars c h and d h , where h ∈ H), we have
as the basis expansion is unique.
In the case where A has k-dimension at least two, there exist two distinct elements h, h ′ ∈ H, so one has f (h − h ′ ) = 0, hence f has non-trivial kernel. As f is non-zero, linear and multiplicative, it is a homomorphism of k-algebras. Consequently, the kernel of f is a proper two-sided ideal of A. Moreover, as f is a surjection onto k, the k-codimension of ker f is equal to 1.
